
Extraction of hadron interactions above inelastic threshold
in lattice QCD

By Sinya AOKI,*1,*2,† Noriyoshi ISHII,*2 Takumi DOI,*1,*3 Tetsuo HATSUDA,*4,*5,*6 Yoichi IKEDA,*7

Takashi INOUE,*8 Keiko MURANO,*6 Hidekatsu NEMURA*9 and Kenji SASAKI*2

(HAL QCD Collaboration)

(Communicated by Toshimitsu YAMAZAKI, M.J.A.)

Abstract: We propose a new method to extract hadron interactions above inelastic
threshold from the Nambu–Bethe–Salpeter amplitude in lattice QCD. We consider the scattering
such as A D B ! C D D, where A, B, C, D are names of different 1-particle states. An extension to
cases where particle productions occur during scatterings is also discussed.
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1. Introduction

The origin of the nuclear force is one of the
major unsolved problems in particle and nuclear
physics even after the establishment of the quantum
chromodynamics (QCD). Recently, three of the
present authors proposed a new approach to extract
the NN interactions below inelastic threshold in
lattice QCD.1)–3) Through the Nambu–Bethe–
Salpeter (NBS) wave function, the energy-
independent but non-local potential Uðr; r 0Þ is so
defined that the NBS wave function obeys the
Schrödinger type equation in finite volume. Since
Uðr; r 0Þ is localized in its spatial coordinates due

to confinement of quarks and gluons, the potential
receives finite volume effect only weakly in a large
box. Therefore, once U is determined and is
appropriately extrapolated to L ! 1, one may
simply use the Schrödinger equation in the infinite
space to calculate the scattering phase shifts and
bound state spectra, which can be compared with
experimental data. With this approach we success-
fully extract not only the nucleon potential1)–4)

but also the hyperon potential5),6) below inelastic
threshold in QCD.

Although this method is shown to be quite
successful in order to describe elastic hadron inter-
actions, the hadron interactions generally lead to
inelastic scatterings as the total energy of the system
increases. In this paper, we extend our method to
such inelastic scatterings in order to extract hadron
interactions in general. In Sec. 2, we briefly summa-
rize our method previously used to extract the
potential in the elastic scattering. In Sec. 3, we
present our main idea to analyze the inelastic
scattering from lattice QCD in the finite volume.
We here discuss the scattering such as A D B !
C D D scattering, where A, B, C, D represent some
1-particle states. This is a simplified version of the
baryon scattering in the strangeness S F !2 and
isospin I F 0 channel, where $$, N% and ’’ appear
as asymptotic states if the total energy is larger than
2m’. In Sec. 4, we discuss the extension of our
proposal to the scattering with particle productions
such as A D B ! A D B D C. In Sec. 5 we summarize
this paper together with recent applications of our
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method in lattice QCD. A preliminary account of
these results is given in Ref. 7).

2. Hadron interactions below threshold:
elastic scattering

In this section, we summarize our strategy,
previously used to extract the potential between
two hadrons below inelastic threshold in lattice
QCD.

2.1. Nambu–Bethe–Salpeter wave function.
A key quantity in our method is the equal-time
Nambu–Bethe–Salpeter (NBS) amplitude, which
we call the “NBS wave function” throughout this
paper. Let us consider the following NBS wave
function for a particle A and a particle B in QCD
with total energy W in the center of mass system
(i.e. the total three-momentum P F 0) in the infinite
box;

 WABðrÞe�Wt

¼ lim
�!0þ

h0jTf’Aðy; tþ �Þ’Bðx; tÞgjAB;W;P ¼ 0i
[2.1]

where the relative coordinate is denoted as r F x ! y.
Here the local operators for the A and the B, which
might be composite, are denoted by ’Aðx; tÞ and
’Bðy; tÞ with possible indices such as spinor or flavor
being suppressed for simplicity. The QCD vacuum is
denoted by j0i, while the state jAB;W;P ¼ 0i is a
QCD eigenstate with the same quantum numbers as
the AB system. Note that jAB;W;P ¼ 0i can be
taken as a product of 1-particle asymptotic state
jAiin � jBiin in the infinite box, while this is not true
in the finite box.

If the total energy W ¼ EA
k þ EB

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
A þ k2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
B þ k2

p
is smaller than the inelastic threshold

Eth,  WABðrÞ satisfies
 WABðrÞ ¼ eik�r þ

Z
d3p

ð2�Þ3
eip�r

ðp2 � k2 � i�Þ
EA
p þ EA

k

4WEA
p

� TAB;ABðpA; pB; kA; kBÞ þ IðrÞ [2.2]

where pA ¼ ðEA
p ;pÞ, kA ¼ ðEA

k ; kÞ, kB ¼ ðEB
k ;�kÞ are

on-shell 4 momenta, while pB ¼ ðW � EA
p ;�pÞ is gen-

erally off-shell. Therefore TAB;ABðq1; q2; q3; q4Þ is in gen-
eral off-shell T-matrix, defined through the connect-
ed four-point Green’s function G

ðcÞ
AB;ABðp1; p2; p3; p4Þ

as

G
ðcÞ
AB;ABðp1; p2; p3; p4Þ
¼ ð2�Þ4�4ðp1 þ p2 � p3 � p4Þ
� iDAðp1ÞiDBðp2ÞiTAB;ABðp1; p2; p3; p4Þ
� iDAðp3ÞiDBðp4Þ [2.3]

where DA(B)(p) is the free propagator for a particle
A(B) in the momentum space, which does not contain
the negative energy part (i.e. the contribution of the
corresponding anti-particle). In the above expression,
IðrÞ, which is exponentially suppressed for large
r ¼ jrj as e!cr with c /

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2

th �W 2
p

> 0, represents
contributions from other than elastic scattering
A D B! A D B.

With the partial wave decomposition that

 WABðrÞ ¼ 4�
X
l;m

il WAB;lðr; kÞYlmð�rÞYlmð�kÞ [2.4]

where k ¼ jkj, Ylm is the spherical harmonic function
and �r is the solid angle of the vector r, one can show
for the large r that

 WAB;lðr; kÞ ! Al
sinðkr� l�=2þ �lðkÞÞ

kr
; [2.5]

where the “phase shift” /l(k) is the phase of the S-
matrix of the A D B! A D B scattering for the
partial wave l. Therefore the NBS wave function
is indeed the “wave function” which describes the
AB ! AB elastic scattering.3),8)–10)

In the finite volume, restricted values of k
denoted by kn can be realized to satisfy the boundary
condition. From the energy of two particle WL in the
finite volume, one can determine the phase shift /l(kn)
through Lüscher’s formula,11) where kn is determined
from WL ¼ EA

kn
þ EB

kn
.

2.2. Strategy to define the potential. In this
subsection, we summarize our strategy to define the
“potential” in QCD.

(1) We choose the field operator HA and HB. If
these operators are composite, there are many choices
to create the same one-particle state. For example,
we take the local operator for nucleon in our previous
calculations for the nucleon potential.1)–3)

(2) We then measure the NBS wave function,
defined by

 WABðrÞ
¼ lim

�!0þ
h0jTf’Aðx þ r; �Þ’Bðx; 0ÞgjAB;W;P ¼ 0i:

[2.6]

(3) Motivated by the fact that the NBS wave
function describes the elastic scattering in the large r,
we define the non-local potential as

½EAB
k �HAB

0 � WABðxÞ ¼
Z
d3y Uðx;yÞ WABðyÞ; [2.7]

EAB
k ¼ k2

2�AB
; HAB

0 ¼ �r2

2�AB
;
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where k ¼ jkj and the reduced mass 7AB is defined by
1/7AB F 1/mA D 1/mB.

(4) We then perform the velocity (or derivative)
expansion that Uðx;yÞ ¼ V ðx;rÞ�3ðx � yÞ. In the
case of the NN scattering, for example, we have12)

V ðr;rÞ ¼ V0ðrÞ þ V�ðrÞð<1 � <2Þ þ VT ðrÞS12

þ VLSðrÞL � S þOðr2Þ [2.8]

where <i is the spin operator of i-th particle, S12 is
the tensor operator given by

S12 ¼ 3

r2
ð<1 � rÞð<2 � rÞ � ð<1 � <2Þ: [2.9]

In the above expansion, the first three terms are
of the leading order (LO), which do not contain
derivatives, while the 4-th term is of the next leading
order (NLO) with one derivative.

(5) Once we obtain the potentials, we solve the
Schrödinger equation with these potentials in the
infinite volume to obtain physical observables such as
the phase shift and binding energy. Note that the
exact value of the scattering phase shift /(k) is
obtained from this Schrödinger equation, while /(k′)
at k0 6¼ k is approximated one as long as the
derivative expansion for the potential is truncated
at the finite order.

In order to extract the NBS wave function on
the lattice, we evaluate the 4-point correlation
function as

GABðx;y; t� t0; J
P Þ

� h0jTf’Aðx; tÞ’Bðy; tÞgJ ABðt0; JP Þj0i [2.10]

¼
X
n

Anh0jTf’Aðx; 0Þ’Bðy; 0ÞgjWnie�Wnðt�t0Þ

[2.11]

! A0 
W0

ABðr ¼ x � y; JP Þe�W0ðt�t0Þ; t� t0 ! 1
[2.12]

where An ¼ hWnj �J ABðt0; JP Þj0i, and �J ABðt0; JP Þ is
some source operator which create 2-particle states
of AB at t0 with fixed total angular momentum J
and parity P.1)–3)

2.3. Frequently asked questions. There exist
some questions to the definition of the potential in
the previous subsection.

(1) Does the potential depend on the choice of
operators ’A; ’B?

Yes. The potential of course depends on the
operators ’A; ’B from which the NBS wave function
is defined. The choice of the operators can be
regarded as the “scheme” to define the potential,
since the potential itself is not a physical observable

so that it can be scheme-dependent. If we calculate
the physical observables, however, we obtain the
unique result irrespective of the choice for the
operators ’A; ’B as long as Uðx;yÞ is evaluated
exactly. This is quite analogous to the running
coupling, which is of course scheme-dependent.
Physical matrix elements do not depend on the
scheme of the running coupling, as long as they are
evaluated exactly.

(2) Does the potential depend on the total
energy at which the NBS wave function is defined?

By construction, Uðx;yÞ is non-local but energy-
independent, while the definition

VkðxÞ � EAB
k � HAB

0  WABðxÞ
 WABðxÞ

[2.13]

gives a local but energy(momentum)-dependent
potential. It is easy to see that VkðxÞ is equivalent
to Uðx;yÞ since the number of degrees of freedom
of k is equal to that of y in the finite volume.3)

From the k-dependence of the VkðxÞ, we therefore
can determine the higher order terms of the
derivative expansion V ðx;rÞ. It turns out, however,
that the k-dependence of VkðxÞ for the nucleon
potential is very small in quenched QCD between
k ’ 0MeV (ENN

k ’ 0MeV) and k ’ 240MeV
(ENN

k ’ 45MeV) for our scheme,13)–16) where the
local composite field of three quarks is used for
nucleon operator.

3. Hadron interactions above inelastic threshold

3.1. NBS wave function in inelastic scat-
tering. We now consider the scatterings A D

B! A D B and A D B ! C D D. We assume that
mA D mB < mC D mD < W, where W ¼ EA

k þ EB
k is

the total energy of the system with EX
k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
X þ k2

p
.

In this situation, the QCD eigenstate with the
quantum numbers of the AB state and center of
mass energy W is expressed in general as

jW i ¼ cABjAB;Wi þ cCDjCD;W i þ � � � [3.1]

jAB;W i ¼ jA; kiin � jB;�kiin;
jCD;Wi ¼ jC; qiin � jD;�qiin; [3.2]

where W ¼ EA
k þ EB

k ¼ EC
q þ ED

q . We define the
following NBS wave functions,
 ABðr; kÞ ¼ lim

�!0þ
h0jTf’Aðx þ r; �Þ’Bðx; 0ÞgjW i;

[3.3]

 CDðr; qÞ ¼ lim
�!0þ

h0jTf’Cðx þ r; �Þ’Dðx; 0ÞgjW i;
[3.4]

which can be expressed as
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 ABðr; kÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ZAZB

p "
cAB

(
eik�r þ

Z
d3p

ð2�Þ3

� eip�r

p2 � k2 � i�

EA
p þ EA

k

4WEA
p

TAB;ABðpA; pB; kA; kBÞ
)

þ cCD

Z
d3p

ð2�Þ3
eip�r

p2 � k2 � i�

� EA
p þ EA

k

4WEA
p

TAB;CDðpA; pB; qC; qDÞ
#

[3.5]

�CDðr; qÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ZCZD

p "
cCD

(
eiq�r þ

Z
d3p

ð2�Þ3

� eip�r

p2 � q2 � i�

EC
p þ EC

q

4WEC
p

TCD;CDðpC; pD; qC; qDÞ
)

þ cAB

Z
d3p

ð2�Þ3
eip�r

p2 � q2 � i�

� EC
p þ EC

q

4WEC
p

TCD;ABðpC; pD; kA; kBÞ
#

[3.6]

where pA ¼ ðEA
p ;pÞ, pB ¼ ðW � EA

p ;�pÞ, pC ¼
ðEC

p ;pÞ, pD ¼ ðW � EC
p ;�pÞ, kA ¼ ðEA

k ; kÞ, kB ¼
ðEB

k ;�kÞ, qC ¼ ðEC
q ; qÞ and qD ¼ ðED

q ;�qÞ.
Introducing

HAB;ABðCDÞðp; kðqÞÞ

¼ EA
p þ EA

k

4WEA
p

TAB;ABðCDÞðpA; pB; kA; kBðqC; qDÞÞ [3.7]

HCD;ABðCDÞðp; kðqÞÞ

¼ EC
p þ ED

q

4WEC
p

TCD;ABðCDÞðpC; pD; kA; kBðqC; qDÞÞ [3.8]

and using the partial wave decomposition such
that,*)

 XY ðr; kÞ ¼ 4�
X
l;m

il lXY ðr; kÞYlmð�rÞYlmð�kÞ [3.9]

eik�r ¼ 4�
X
l;m

iljlðkrÞYlmð�rÞYlmð�kÞ [3.10]

HXY ;V Zðp; kÞ ¼ 4�
X
l;m

HXY ;V Z
l ðp; kÞYlmð�pÞYlmð�kÞ

[3.11]

with XY,VZ F AB or CD, we have

 lABðr; kÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ZAZB

p "
cAB

(
jlðkrÞ þ

Z
p2dp

2�2

� 1

p2 � k2 � i�
HAB;AB
l ðp; kÞjlðprÞ

)

þ cCD

Z
p2dp

2�2
1

p2 � k2 � i�
HAB;CD
l ðp; qÞjlðprÞ

#

[3.12]

 lCDðr; qÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ZCZD

p "
cCD

(
jlðqrÞ þ

Z
p2dp

2�2

� 1

p2 � q2 � i�
HCD;CD
l ðp; qÞjlðprÞ

)

þ cAB

Z
p2dp

2�2
1

p2 � q2 � i�
HCD;AB
l ðp; kÞjlðprÞ

#
:

[3.13]

Here the spherical harmonic function Ylm is normal-
ized as Z

d�rYlmð�rÞYl0m0 ð�rÞ ¼ �ll0�mm0 [3.14]

with the solid angle �r of the vector r, and the
spherical Bessel function jl(x) is given by

jlðxÞ ¼ ð�xÞl 1

x

d

dx

� �l sin x

x

� �

’ sinðx� l�=2Þ
x

; x! 1: [3.15]

The p integral gives8)–10)

 lABðr; kÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ZAZB

p "
cAB

(
jlðkrÞ

þ k

4�
HAB;AB
l ðk; kÞfnlðkrÞ þ ijlðkrÞg

)

þ cCD
k

4�
HAB;CD
l ðk; qÞfnlðkrÞ þ ijlðkrÞg

#

þ I lABðrÞ [3.16]

 lCDðr; qÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ZCZD

p "
cCD

(
jlðqrÞ

þ q

4�
HCD;CD
l ðq; qÞfnlðqrÞ þ ijlðqrÞg

)
*) Here we ignore spins for simplicity.
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þ cAB
q

4�
HCD;AB
l ðq; kÞfnlðqrÞ þ ijlðqrÞg

#

þ I lCDðrÞ [3.17]

where I lXY ðrÞ, which represents all contributions
except those from the pole at p F k or p F q, is
exponentially suppressed for large r, and another
spherical Bessel function nl(x) is given by

nlðxÞ ¼ ð�xÞl 1

x

d

dx

� �l cos x

x

� �

’ cosðx� l�=2Þ
x

; x! 1: [3.18]

The unitarity relation

T � T y ¼ iT yT [3.19]

for the on-shell T-matrix T of the 2 channel
scattering gives

TI;Jl ðWÞ

¼ 8�W

pI

"
OðWÞ

� ei�
1
l ðW Þ sin �1l ðWÞ 0

0 ei�
2
l
ðW Þ sin �2l ðWÞ

 !
O�1ðWÞ

#I;J

[3.20]

OðWÞ ¼ cos 	ðWÞ � sin 	ðWÞ
sin 	ðWÞ cos 	ðWÞ

� �
;

I ¼ 1; 2 J ¼ 1; 2 [3.21]

where �ilðW Þ is the scattering phase shift, whereas
3(W) is the mixing angle between 1 and 2. Here index
1 represents AB while 2 represents CD. With this
notation p1 F k and p2 F q. We therefore obtain
pI
4�
HI;J
l ðpI; pJÞ

¼
"
OðW Þ ei�

1
l
ðW Þ sin �1l ðW Þ 0

0 ei�
2
l
ðWÞ sin �2l ðW Þ

 !

�O�1ðW Þ
#I;J

: [3.22]

Using these results, the NBS wave functions of
the 2 channel system behave for large r as

 ̂lABðr; kÞ
 ̂lCDðr; qÞ

 !
’ jlðkrÞ 0

0 jlðqrÞ

� �
cAB

cCD

� �

þ nlðkrÞ þ ijlðkrÞ 0

0 nlðqrÞ þ ijlðqrÞ

� �

�OðW Þ ei�
1
l
ðW Þ sin �1l ðW Þ 0

0 ei�
2
l
ðW Þ sin �2l ðW Þ

 !

�O�1ðW Þ cAB

cCD

� �
[3.23]

where  ̂lXY ¼  lXY =
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ZXZY

p
. This expression shows

that the NBS wave function for large r agree with
scattering waves described by two scattering phases
�ilðW Þ (i F 1, 2) and one mixing angle 3(W).

3.2. Coupled channel potentials. Let us now
consider QCD in the finite volume V. In the finite
volume, jAB;W i and jCD;W i are no longer eigen-
states of the hamiltonian. True eigenvalues are
shifted from W to Wi FW D O(V!1) (i F 1, 2). By
diagonalization method in lattice QCD simulations,
it is relatively easy to determine W1 and W2. With
these values Lüscher’s finite volume formula gives
two conditions, which, however, are insufficient to
determine three observables, �1l , �2l and 3. (See
refs. 17)–19) for recent proposals to overcome this
difficulty.) We here propose alternative approach to
extract three observables, �1l , �

2
l and 3, in lattice QCD

through the above NBS wave functions. We con-
sider the (normalized) NBS wave functions at two
different values of energy, W1 and W2, in the finite
volume:
 ABðr; kiÞ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
ZAZB

p lim
�!0þ

h0jTf’Aðx þ r; �Þ’Bðx; 0ÞgjWii
[3.24]

 CDðr; qiÞ
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

ZCZD
p lim

�!0þ
h0jTf’Cðx þ r; �Þ’Dðx; 0ÞgjWii;

i ¼ 1; 2: [3.25]
(We here omit ^ on A.) We then define the coupled
channel non-local potentials from the coupled chan-
nel Schrödinger equation as

½EAB
ki

�HAB
0 � ABðx; kiÞ

¼
Z
d3y UAB;ABðx;yÞ ABðy; kiÞ

þ
Z
d3y UAB;CDðx;yÞ CDðy; qiÞ [3.26]

½ECD
qi

�HCD
0 � CDðx; kiÞ

¼
Z
d3y UCD;ABðx;yÞ ABðy; kiÞ

þ
Z
d3y UCD;CDðx;yÞ CDðy; qiÞ [3.27]
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for i F1, 2. As before we introduce the derivative
expansion as

UXY ;V Zðx;yÞ ¼ VXY ;V Zðx;rÞ�3ðx � yÞ
¼ ½VXY ;V ZðxÞ þOðrÞ��3ðx � yÞ

[3.28]
and at the leading order of the expansion, we have

KABðx; kiÞ � ½EAB
ki

�HAB
0 � ABðx; kiÞ

¼ VAB;ABðxÞ ABðx; kiÞ
þ VAB;CDðxÞ CDðx; qiÞ [3.29]

KCDðx; qiÞ � ½ECD
qi

�HCD
0 � CDðx; kiÞ

¼ VCD;ABðxÞ ABðx; kiÞ
þ VCD;CDðxÞ CDðx; qiÞ: [3.30]

These equations for i F1, 2 can be solved as

VAB;ABðxÞ VAB;CDðxÞ
VCD;ABðxÞ VCD;CDðxÞ

� �

¼ KABðx; k1Þ KABðx; k2Þ
KCDðx; q1Þ KCDðx; q2Þ

� �

�  ABðx; k1Þ  ABðx; k2Þ
 CDðx; q1Þ  CDðx; q2Þ

� ��1

: [3.31]

Once we obtain the coupled channel local
potentials VXY,VZ(x), we solve the coupled channel
Scrödinger equation in infinite volume with some
appropriate boundary condition such that the
incoming wave has a definite l and consists of the
AB state only, in order to extract three observables
for each l, �1l ðW Þ, �2l ðW Þ and 	ðW Þ, at all values ofW.
Of course, since VXY,VZ is the leading order approx-
imation in the velocity expansion of UXY ;V Zðx;yÞ,
results for three observables �1l ðW Þ, �2l ðWÞ and 	ðW Þ
atW 6¼W1;W2 are also approximate ones and might
be different from the exact values. By performing
an additional extraction of VXY,VZ(x) at ðW3;W4Þ 6¼
ðW1;W2Þ, we can test how good the leading order
approximation is, as in the case of the elastic
scattering.13)

The above result can be easily extended to
the coupled channel among n states AIBI (I ¼
1; 2; . . . ; n). Local potentials at the LO in the velocity
expansion are given by

VI;JðrÞ ¼
Xn
M¼1

KIðr; kIMÞX�1ðrÞMJ [3.32]

KIðr; kIMÞ � ½EI
M �HI

0 � Iðr; kIMÞ [3.33]

where X!1(r) is the inverse of the n # n NBS wave
function matrix

XðrÞIJ
�  Iðr; kIJÞ
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ZAI
ZBI

p lim
�!0þ

h0jTf’AI
ðx þ r; �Þ’BI

ðx; 0ÞgjWJi;
[3.34]

the momentum kIJ satisfies the relation that WJ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkIJÞ2 þm2

AI

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkIJÞ2 þm2

BI

p
for J ¼ 1; 2; . . . ; n,

EI
J ¼ ðkIJÞ2=ð2�AIBI

Þ and HI
0 ¼ �r2=ð2�AIBI

Þ.
3.3. Inelasticity and non-locality. We now

consider the 2-channel problem again. Let us assume
that the leading order approximation for the coupled
channel potential works reasonably well. Instead
of considering the coupled channel potential, the
effective potential for the AB channel is given by
Ueff
AB;ABðx;yÞ
¼ VAB;ABðxÞ�ð3Þðx � yÞ þ VAB;CDðxÞ
� 1

ECD
q �HCD

0 � VCD;CD
ðx;yÞVCD;ABðyÞ;

[3.35]
where the non-locality becomes manifest in the
second term. The magnitude of momentum q for
the CD channel is expressed as

4W 2q2 ¼ ðW 2 � ðmC þmDÞ2ÞðW 2 � ðmC �mDÞ2Þ:
[3.36]

To estimate the magnitude of non-locality in
eq. [3.35], we here ignore the VCD,CD term in the
denominator. In this case, if the total energy W is
below the inelastic threshold mC D mD such that
q2 F !M2 < 0, we have

1

HCD
0 � ECD

q

ðx;yÞ ¼ 2�CD
4�jx � yj e

�Mjx�yj [3.37]

Therefore, non-locality of the potential Ueff
AB;ABðx;yÞ

is exponentially suppressed as long as M is large
enough. As W approaches mC D mD, however, non-
locality of the potential becomes larger and manifest.
In this simple example, this non-locality of the
single channel potential can be completely removed
by introducing the CD state and coupled channel
potentials between AB and CD. Therefore, in
practice, the non-locality caused by inelastic final
states whose thresholds are closed to the total energy
W is expected to become milder for the coupled
channel potentials including these states.

4. Extension: Inelastic scattering
with particle production

The method considered in the previous section
can be generalized to inelastic scattering where a
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number of particles is not conserved. For illustration,
we consider a case that the scatterings A D B !
A D B and A D B ! A D B D C occur and the total
energy W satisfies mA D mB D mC <W < mA D

mB D 2mC.
We consider the following NBS wave functions

in the center of mass system:

 WABðxÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi
ZAZB

p lim
�!0þ

h0j’Aðr þ x; �Þ’Bðr; 0ÞjW i
[4.1]

 WABCðx;yÞ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZAZBZC

p lim
�!0þ

h0j’A r þ x þ y�BC
mC

; �

� �
� ’Bðr þ y; 0Þ’Cðr;��ÞjW i; [4.2]

where

jW i ¼ c1jkiin � j�kiin þ c2jqxiin
� qy � qx

�BC
mC

����
�

in

� �qy � qx
�BC
mB

����
�

in

[4.3]

with

W ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

A

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

B

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2
x þm2

A

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qy � qx

�BC
mC

� �2

þm2
B

s

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qy þ qx

�BC
mB

� �2

þm2
C

s
[4.4]

and 1/7BC F 1/mB D 1/mC. Here y F rB ! rC is a
relative coordinate between B and C with the
reduced mass 7BC, while x F rA !RBC is the one
between A and the center of mass of B and C with
RBC F (mBrB D mCrC)/(mB D mC). We here assume
the property that  WABC has asymptotic behavior of
the scattering wave of A D B D C as jxj; jyj ! 1, as
shown for  WAB in the previous section. Although this
property has not been shown so far, it is reasonable to
assume this. We leave the proof for this important
property to the future investigation.

We define the non-local potential from the
coupled channel equations as

KW
ABðxÞ
� ½EAB

k �HAB
0;x � WABðxÞ

¼
Z
d3z UAB;ABðx; zÞ WABðzÞ

þ
Z
d3z d3w UAB;ABCðx; z;wÞ WABCðz;wÞ

[4.5]

KW
ABCðx;yÞ
� ½EA;BC

qx
þ EBC

qy
�HA;BC

0;x �HBC
0;y � WABCðx;yÞ

¼
Z
d3z UABC;ABðx;y; zÞ �  WABðzÞ

þ
Z
d3z d3w UABC;ABCðx;y; z;wÞ WABCðz;wÞ

where

HAB
0;x ¼ �r2

x

2�AB
; HA;BC

0;x ¼ �r2
x

2�A;BC
; HBC

0;y ¼ �r2
y

2�BC
;

[4.6]

EAB
k ¼ k2

2�AB
; EA;BC

qx
¼ q2

x

2�A;BC
; EBC

qy
¼ q2

y

2�BC
[4.7]

with another reduced mass defined by 1/7A,BC F

1/mA D 1/(mB D mC).
We consider the following velocity expansions

UAB;ABðx; zÞ
¼ ½VAB;ABðxÞ þOðrxÞ��3ðx � zÞ [4.8]

UAB;ABCðx; z;wÞ
¼ ½VAB;ABCðx;wÞ þOðrxÞ��3ðx � zÞ [4.9]

UABC;ABðx;y; zÞ
¼ ½VABC;ABðx;yÞ þOðrxÞ��3ðx � zÞ [4.10]

UABC;ABCðx;y; z;wÞ
¼ ½VABC;ABCðx;yÞ þOðrx;ryÞ�
� �3ðx � zÞ�3ðy �wÞ; [4.11]

where the hermiticity of the non-local potentials gives
VAB;ABCðx;yÞ ¼ VABC;ABðx;yÞ.

At the leading order of the velocity expansions,
the coupled channel equations become

KW
ABðxÞ ¼ VAB;ABðxÞ WABðxÞ

þ
Z
d3w VAB;ABCðx;wÞ WABCðx;wÞ [4.12]

KABCðx;yÞ ¼ VABC;ABðx;yÞ WABðxÞ
þ VABC;ABCðx;yÞ WABCðx;yÞ: [4.13]

By considering two values of energy such that
W FW1,W2, we can determine VABC,AB and VABC,ABC

from the second equation as

VABC;ABðx;yÞ VABC;ABCðx;yÞð Þ
¼ KW1

ABCðx;yÞ KW2

ABCðx;yÞ
	 

�  W1

ABðxÞ  W2

ABðxÞ
 W1

ABCðx;yÞ  W2

ABCðx;yÞ

 !�1

: [4.14]

Using the hermiticity VAB;ABCðx;yÞ ¼ VABC;ABðx;yÞ,
we can extract VAB,AB from the first equation as
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VAB;ABðxÞ ¼ 1

 WABðxÞ
�
KW
ABðxÞ

�
Z
d3w VABC;ABðx;wÞ WABCðx;wÞ

�
[4.15]

for W F W1,W2. A difference of VAB,AB(x) between
two estimates at W1 and W2 gives an estimate for
higher order contributions in the velocity expansions.

Once we obtain VAB,AB, VAB,ABC F VABC,AB

and VABC,AB, we can solve the coupled channel
Schrödinger equations in the infinite volume, in order
to extract physical observables. As W increases and
becomes larger than mA D mB D nmC, the inelastic
scattering A D B ! A D B D nC becomes possible.
As in the case of A D B ! A D B D C in the above,
we can define the coupled channel potentials includ-
ing this channel, though calculations of the NBS
wave functions for multi-hadron operators become
more and more difficult in practice.

5. Summary

In this paper, we propose extensions of the
method of extracting potentials through NBS wave
functions to the case where inelastic scatterings
becomes important. We first consider the case that
A D B ! C D D scattering occurs and present an
explicit formula to extract the coupled channel
potentials between AB and CD. The general formula
for the scattering among n states is also given. An
extension to the case where the particle production
occurs during the scattering such as A D B !
A D B D C is also considered. This can also be
extended to more general cases such as A D B !
A D B D nC (n ¼ 1; 2; 3; . . . :).

Recently the potential method has been used to
extract potentials for the flavor SU(3) limit in lattice
QCD where up, down and strange quark masses are
all equal.20) In this limit there exist 6-independent
potentials corresponding to the irreducible represen-
tations of the flavor SU(3), and among these, the
flavor singlet potential is strong attractive, suggest-
ing an existence of a bound state in this channel. This
expectation has been confirmed by more detailed
study in lattice QCD and a bound state of two up
quarks, two down quarks and two strange quarks,
called the H dibaryon, indeed exists in the flavor
SU(3) limit.21) To study the property of the H
dibaryon in the real world where the strange quark is
much heavier than up and down quarks so that the
flavor SU(3) symmetry is broken, the extension
presented in this paper for the coupled channels is

indeed necessary: The SU(3) breaking in nature
appears in the octet baryon mass as mN F 939MeV,
m$ F 1116MeV, m’ F 1193MeV and m% F

1318MeV. Therefore thresholds of two baryon
systems with strangeness S F !2 and ispspin I F 0,
to which the H dibaryon belongs, are given by

W

 ¼ 2232MeV < WN� ¼ 2257MeV

< W�� ¼ 2386MeV: [5.1]

A study for coupled channel potentials in this case
has started using the 2D1 flavor lattice QCD and a
preliminary result has already been presented.22)

More details results for this study will be published
soon.
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